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Abstrat
We onstrut a new lass of physial states of the free Klein-Gordon
eld in Robertson-Walker spaetimes. This is done by minimizing the ex-
petation value of smeared stress-energy. We get an expliit expression for
the state depending on the smearing funtion. We all it a state of low en-
ergy. States of low energy are an improvement of the onept of adiabati
vaua on Robertson-Walker spaetimes. The latter are approximations of
the former. It is shown that states of low energy are Hadamard states.
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1 Introdution
In quantum eld theory in urved spaetime (QFT in CS), the onstrution of
the algebra of observables is a widely solved problem [1, 2, 7℄. In priniple, the
set of physial states is known as well: It is the folium of the Hadamard lass.
Hadamard states an be dened via the miroloal spetrum ondition [15℄. The
set of physial states is then given by their loal quasiequivalene lass [16℄.
The denition of quasifree Hadamard states only involves the singularity stru-
ture of the two-point distribution. One does not know how physial properties
translate into the smooth part. This is unsatisfatory beause there should be
Hadamard states of low energy as well as high-temperature Hadamard states
and we do not know exatly how to distinguish them. In the present work, suh
a physial interpretation of an Hadamard state will be given for the rst time
in Robertson-Walker spaetimes.
The Hadamard onept is rather modern. An older approah to dene a lass
of physial states on Robertson-Walker spaetimes is due to Parker, Lüders and
Roberts [12, 14℄. Parker gave a denition
1
of the so-alled adabati vauum
states. This denition was made preise by Lüders and Roberts in [12℄, where
they also showed that the adabati vauum states (of a ertain iteration order)
fulll the priniple of loal quasiequivalene.
Guided by Parker's ideas and using the tehniques of Sobolev wavefront sets,
Junker and Shrohe [10℄ gave a new denition of the lass of adiabati vaua in
the language of miroloal analysis and showed that the previous denition was
a speial ase of the new one. They ould show that adiabati states (of a er-
tain order) are loally quasiequivalent to the Hadamard lass, thus dening the
same set of physial states. Furthermore, they gave a onstrution proedure
for adiabati vauum states on globally hyperboli spaetimes with ompat
Cauhy surfaes.
Nevertheless, the physial interpretation shows that adiabati vaua should not
our in most physial settings. In an adiabati vauum state, the probability
of deteting an event of energy E only falls o as a power of E for E → ∞;
in an Hadamard state, the probability dereases faster than any power of E,
whih is the behaviour we know e.g. from all partile or thermal states (see the
disussion in [10℄).
Another drawbak of the adiabati vaua is the unlear physial motivation.
Parkers ansatz had been nding states of minimal partile reation. However,
in urved spaetimes without asymptotial atness, a sensible partile interpre-
tation is not available.
In this work, we present a new approah to dene physial states on Robertson-
Walker spaetimes and show that these states belong to the Hadamard lass.
This onstrution will be physially motivated. The idea is as follows: Based
on the results by Lüders and Roberts, we want to nd a state with the same
symmetry properties as the underlying spaetime that minimizes the energy
density measured by an isotropi observer. More preisely, we smear the energy
density with a test funtion supported on the worldline of an isotropi observer
1
The denition given by Parker in [14℄ deribes only approximate states.
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and minimize this quantity as a funtion of the state. This is motivated by a
result by Fewster [5℄: The renormalized energy density, smeared along a timelike
urve, is bounded from below as a funtion of the state (where only Hadamard
states are onsidered).
The present work is organised as follows: In setion 2, we review the analysis
of homogeneous isotropi quasifree pure states on Robertson-Walker spaetimes
arried out in [12℄. In setion 3, we show that the above proedure gives indeed
a well dened state. We all the resulting state a state of low energy (assoi-
ated to the smearing funtion f ). Applying this result, we show that adiabati
vauum states are states of low energy in the adiabati limit. The proof that
states of low energy satisfy the Hadamard property will be given in setion 4.
2 Homogeneous Isotropi Quasifree Pure States on
Robertson-Walker Spaetimes
2.1 Quantum Field Theory in Curved Spaetime
Robertson-Walker spaetimes have topologial struture M = R×Σ where Σ is
a Cauhy surfae of M . For the metri gab on M , we have gab = dt
2 − a(t)2hab,
where hab is the pullbak of gab under the embedding map ι : Σ→M .
In this work, we examine the free salar eld in Robertson-Walker spaetimes.
We adopt the viewpoint of algebrai quantum eld theory (see [4, 11℄).
We start with the set of real-valued test funtions on M , D
R
(M) =: Γ. There
are unique operators E± : D(M)→ E(M) suh that (see [3℄)
(g +m
2)E± = E±(g +m2) = 1 (1)
supp E±f ⊂ J±(supp f). (2)
E± are the retarded and advaned fundamental solution to the Klein-Gordon
operator on M . We set E := E+ − E− and dene an Hermitian form γ by
γ(f, f ′) = −i
∫
M
d4x
√−g (fE f ′) , (3)
where g is the determinant of the metri on M . (Γ, γ) is a sympleti spae.
The Weyl algebra over (Γ, γ), A, is generated2 by the symbolsW (f), f ∈ Γ with
multipliation law
W (f)W (f ′) = exp
(
−1
2
γ(f, f ′)
)
W (f + f ′), (4)
and star operation
W (f)∗ = W (−f). (5)
The symbolsW (f) an be understood as exponentials of smeared eld operators
φ(f) in a CCR-Algebra,
W (f) = exp (−iφ(f)) . (6)
2
For a more preise statement, see [11℄.
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To be more preise, a representation of the CCR-Algebra in a normed spae
indues a representation of A via equation (6) and vie versa. We take the
Weyl algebra as our algebra of observables.
One an as well start with the sympleti spae of initial values to the Cauhy
problem,
L = {(f1, f2), f1, f2 ∈ DR(Σ)} (7)
with Hermitian form
ℓ
(
(f1, f2), (f
′
1, f
′
2)
)
= −i
∫
Σ
d3x
√
h
(
f1f
′
2 − f ′1f2
)
. (8)
We denote the orresponding Weyl algebra by Aˆ.
A and Aˆ are isomorphi: Let ρ0, ρ1 : C∞(M)→ C∞(Σ) with
ρ0(f) = f |Σ
ρ1(f) = ∂Σf, (9)
then an isomorphism ς : A → Aˆ is given by
ς(W (f)) = Wˆ ((ρ0Ef, ρ1Ef)) . (10)
See [11℄ for a proof.
2.2 Quantum Field Theory in Robertson-Walker Spaetimes
Robertson-Walker spaetimes are spatially homogeneous and isotropi. When
searhing for states of minimal energy density, it is natural to onsider only
states that have the same symmetry property, as we would think of states that do
not have these symmetry properties as exitations of the homogeneous isotropi
states. We only onsider quasifree or Gaussian states, as our analysis only in-
volves the two-point distributions of homogeneous isotropi states. Quasifree
states are entirely haraterized by their two-point distribution. Finally, we
only onsider pure states. This makes sense beause we are looking for a state
where the smeared energy density is minimal. Energy density is an additive
observable so it will not be minimal in a state that an be written as a linear
ombination of two other states with positive real oeients unless the smeared
energy density is already minimal in these states.
We distinguish three ases, Σ = Σǫ, ǫ ∈ {+1, 0,−1}, depending on whether
Σ has positive, vanishing or negative urvature. The index ǫ will be omitted in
statements that are valid for all three ases. Σǫ an be given the struture of a
submanifold of R4:
Σ+ = {x ∈ R4 : (x0)2 +
3∑
i=1
(xi)2 = 1}
Σ0 = {x ∈ R4 : x0 = 0}
Σ− = {x ∈ R4 : (x0)2 −
3∑
i=1
(xi)2 = 1, x0 > 0} (11)
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The isometry group G+ of Σ+ is SO(4). Furthermore we have G0 = E(3) (the
eulidean group) and G− = SO(1, 3) = L↑+(4) (the Lorentz group). Gǫ an also
be thought of as the isometry group of M ǫ = R × Σǫ, as any isometry ̺ of Σ
denes an isometry ¯̺ of M via ¯̺(t, x) = (t, ̺(x)).
This gives rise to automorphisms of A resp. Aˆ:
α̺(W (f)) = W (̺f), α̺(φ(f)) = φ(̺f), ̺ ∈ G, (̺f)(x) := f(̺−1(x)). (12)
We onsider the set of initial values for the Cauhy problem L = {(f, f ′), f, f ′ ∈
D(Σ)}. We want to determine the form of two-point distributions on Aˆ, the
Weyl algebra over L.
A quasifree state ω with two-point distribution ω2 is homogeneous and isotropi
if and only if
ω2(f, f
′) = ω2(̺f, ̺f ′), ̺ ∈ G; f, f ′ ∈ D(M). (13)
G has a representation U ⊕ U in L with
U(̺)f = f ◦ ̺−1. (14)
The two-point distribution is a bilinear form on L. Now, we would like to think
of the two-point distribution as a bounded operator in some Hilbert spae. For
this reason, we equip L with a Hilbert spae struture. A simple hoie is
L2(Σ)⊕L2(Σ) where the measure on Σ is indued by the metri hab. L is dense
in L2(Σ)⊕ L2(Σ). The salar produt is denoted by 〈·, ·〉.
In order to represent a larger lass of two-point distributions as bounded op-
erators in a Hilbert spae, we allow a more general struture Hν with salar
produt
〈F,F ′〉ν = 〈F, (−∆+m2)2νF ′〉, (15)
where F = (f1, f2), F
′ = (f ′1, f
′
2) and the ation of the Laplaian is dened
omponentwise. Now, we are ready to impose our ontinuity ondition on the
two-point distribution: There has to exist a ν ∈ N suh that ω2 is a ontin-
ious bilinear form in Hν . By the Riesz representation theorem, this gives us a
bounded linear operator ω˜ : Hν → Hν with
〈F, ω˜F ′〉ν = ω2(F,F ′). (16)
G has a unitary representation in Hν via (14). ω2 will be the two-point distribu-
tion of a homogeneous and isotropi state if and only if ω˜ is in the ommutant of
this representation. For the rest of the disussion, we return to L2(Σ)⊕ L2(Σ)
using a unitary transformation
3
V : Hν → L2(Σ)⊕ L2(Σ)
(f, g) 7→ (−∆+m2)νf ⊕ (−∆+m2)νg. (17)
V intertwines the representation of G in Hν with the representation U ⊕ U in
L2(Σ)⊕ L2(Σ). It remains the task to ompute the ommutant of U . This has
3
The only reason for the denition of Hν was giving a better suited ontinuity ondition
on ω2.
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been arried out arefully in [12℄, we only present the results.
The invariant subspaes of L2(Σ) under U are the eigenspaes of the Laplaian
on Σ. There exists an orthonormal basis of eigenfuntions Yk with eigenvalues
E(k), where k =
√
k2:∫
dkYk(x)Yk(x′) = δ(x − x′) (18)∫
dxYk(x)Yk′(x) = δ(k, k
′) (19)
∆Yk(x) = −E(k)Yk(x). (20)
(In the ases ǫ = 0,−1 these are sets of generalised eigenfuntions.) If ǫ = 0,−1,
the index k is from R
3
(equiped with the Lebesgue measure) and if ǫ = +1, k
is from N
3
(with the ounting measure, see [12℄). A funtion f ∈ L2(Σ) has a
"fourier transform"
4
f˜(k) = 〈Yk, f〉L2 =
∫
dxYk(x)f(x). (21)
Its domain is the momentum spae assoiated to Σǫ, Σ˜ǫ.
A bounded operator on some Hν , ν ∈ N ommuting with U omes down to a
multipliation with a polynomially bounded funtion of k on Σ˜.
This yields the form of an homogeneous isotropi two-point distribution:
ω2(F,F
′) =
∫
dk
1∑
i,j=0
〈F˜i(k), ω˜ij(k)F˜j(k)〉L2 , (22)
where ω˜ij(k), i, j ∈ {0, 1} are measurable, polynomially bounded funtions on
Σ˜, and F = (F0, F1), F
′ = (F ′0, F
′
1) ∈ L.
Up to now, we have only used the fat that ω2 is a homogeneous isotropi
bidistribution. Furthermore, we want the orresponding funtional on Aˆ to be
state, i.e.
5
ω2(F,F ) ≥ 0, F ∈ L (positivity) (23)
ω2(F,F
′)− ω2(F ′, F ) = iEΣ(F,F ′)
= i
∫
Σ
d3x
√
h(F0F
′
1 − F1F ′0), F, F ′ ∈ L (ommutation relations) (24)
From equation (23) we dedue that the matrix ω˜ij(k) has to be positive semidef-
inite for all k:
ω˜01(k) = ω˜10(k), ω˜00(k) ≥ 0,
ω˜00(k)ω˜11(k)− |ω˜01(k)|2 ≥ 0. (25)
4
Atually, only if ǫ = 0 this is the fourier transform of f . In all three ases, there is a
fourier inversion formula [12℄.
5
We dene our two-point distribution on Aˆ via a relation similar to (6) and ω2(F, F
′) =
ω (φ(F )∗φ(F ′)). For a preise statement, see [11, 12℄.
6
As ω is pure, the last line of (25) has to be an equality.
In a last step, one shows that from (24) follows
ω˜01(k) − ω˜10(k) = ia3(t0).
Combining these statements on the matrix entries ω˜ij(k), one has the following
Theorem 2.1. The quasifree homogeneous isotropi pure states on Robertson-
Walker spaetimes are given by (22) with
ω˜11(k) = a
6(t0)|q(k)|2, ω˜00(k) = |p(k)|2,
ω˜01(k) = ω˜10(k) = −a3(t0)q(k)p(k), (26)
where p, q are polynomially bounded funtions on Σ˜, with
q(k)p(k)− q(k)p(k) = i. (27)
Using the isomorphism from equation (10), we now want to determine the two-
point distribution for states on A. This will allow us to ompute the stress-
energy tensor. With an expliit expression for the fundamental solution of the
Klein-Gordon equation
E : D(M)→ E(M)
from [12℄, the derivation is straightforward. We have to make some remarks on
the Klein-Gordon operator on M before giving the result.
The Klein-Gordon operator on Robertson-Walker spaetimes in oordinates
(t, ~x) is given by
g +m
2 =
∂2
∂t2
+ 3H(t)
∂
∂t
− a−2(t)∆h +m2, (28)
where a(t) is the sale parameter, H(t) = a˙(t)/a(t) the Hubble parameter and
∆h the Laplaian on the Cauhy surfae Σ.
As mentioned in setion 2, there exists an orthonormal system of eigenfuntions
{Yk} of the Laplaian,
∆hYk = −E(k)Yk. (29)
The produt Tk(t)Yk(x) is a solution of the Klein-Gordon equation if
T¨k + 3HT˙k + ω
2
kTk = 0, ω
2
k =
E(k)
a2
+m2. (30)
We are now ready to present the form of the two-point distribution on M :
Let ωˆ2 be the two-point distribution of a state ωˆ on Aˆ fullling the onditions
of theorem 2.1. Then the orresponding two-point distribution on M is given
by
ω2(x, x
′) =
∫
dkYk(x)Yk(x′)T¯k(x0)Tk(x0
′
), (31)
where Tk is a solution of the time part of the Klein-Gordon equation (30) with
initial onditions
T = Tk(t0) = q(k)
T˙ = T˙k(t0) = a
−3(t0)p(k), (32)
7
where t = t0 denes the Cauhy surfae Σ. This together with theorem 2.1
indues a ondition on a solution Tk of (30):
T¯kT˙k − ˙¯TkTk = ia3. (33)
This ondition is onserved in time. If Tk fullls equations (30) and (33), it
represents a quasifree homogeneous isotropi pure state. This is what will be
meant in the following when speaking of "the state Tk".
2.3 Adiabati Vauum States
Parker [14℄ developed expliit expressions for the mode solutions Tk(t). The
orresponding quasifree states were named adiabati vaua. However, Parkers
mode solutions are only approximate solutions of the dierential equation (30),
and thus the orresponding states only approximate states. Lüders and Roberts
[12℄ improved this onept by merely extrating the initial values for the mode
solutions from Parkers iteration proedure and subsequently giving the above
onstrution.
Parkers ansatz is of the WKB-type:
Tk(x
0) = a(x0)−3/2
(
2Ωk(x
0)
)−1/2
exp
(
i
∫ x0
t0
Ωk(t
′)dt′
)
. (34)
Equation (34) automatially satises (33). If expression (34) is a solution of
(30), one has
Ωk
2 = ωk
2 − 3a˙
2
4a2
− 3a¨
2a
+
3Ω˙k
2
4Ωk2
− 1Ω¨k
2Ωk
. (35)
One tries to solve this equation iteratively:
Ω
(0)
k (t) = ωk =
√
a−2(t)E(k) +m2
(Ω
(n+1)
k )
2 = ωk
2 − 3a˙
2
4a2
− 3a¨
2a
+
3(Ω˙
(n)
k )
2
4(Ω
(n)
k )
2
− 1Ω¨
(n)
k
2Ω
(n)
k
. (36)
The resulting states with phase funtions Ω
(n)
k (t) are alled adiabati vaua of
order n.
Parkers idea was to dene modes that yield the known mode solutions in the
ase of stati spaetimes (a˙(t) = 0). If one replaes a(t) by a(ǫt), ǫ ∈ R in
equation (30), then the dierene between (34) and an exat solution should be
O(ǫ2n+1) for ǫ→ 0. Unfortunately, this ansatz is too optimisti as the iteration
proedure does not have the neessary onvergene properties. Parkers motiva-
tion had been nding states of minimal partile reation. We will not pursue
this topi any further. For our purposes, the only thing that matters so far is
Ω
(n)
k (t) = ωk(t) +O(ǫ).
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3 States of Low Energy
Energy density in one spaetime point is not bounded from below as a funtion
of the state [6℄. Fewster [5℄ showed that if energy density is smeared along a
timelike urve, this quantity does have a lower bound when only Hadamard
states are onsidered. We take this as a starting point and onsider the en-
ergy density smeared with a test funtion with support on the worldline of an
isotropi observer in a Robertson-Walker spaetime. In fat, the smearing fun-
tion has to be the square of a test funtion; this is a tehnial detail of Fewster's
result. In the lass of quasifree homogeneous isotropi pure states, we look for
the state with minimal smeared energy density. Obviously, this state will de-
pend on the hoie for the smearing test funtion.
We give a short sketh of the derivation of our renormalized stress-energy tensor
and the main result of [5℄.
The lassial energy density measured by an observer with 4-veloity ua is
ρ(t) = Tab(γ(t))u
a(t)ub(t), (37)
where Tab is the lassial stress-energy tensor of the Klein-Gordon eld,
Tab = ∇aφ∇bφ− 1
2
gab
(∇cφ∇cφ+m2φ2) . (38)
Introduing an orthonormal frame vaµ with v
a
0 = u
a
and performing a point-
splitting proedure, we obtain the regularized energy density
ρ(x, x′) =
1
2
 3∑
µ=0
(vµ)
a(x)(vµ)
b′(x′)∇a|xφ∇b′ |x′φ
+ 1
2
mφ(x)φ(x′). (39)
This yields the regularized (quantum) energy density in a state ω:
〈T reg〉ω(x, x′) = 1
2
3∑
µ=0
((
(vµ)
a∇a ⊗ (vµ)b′∇b′
)
ω2(x, x
′)
)
+
1
2
mω2(x, x
′), (40)
This is a bidistribution onM . Fewster [5℄ showed that the pullbak of 〈T reg〉ω(x, x′)
to a timelike urve γ is a well-dened distribution 〈T reg〉ω(t, t′) on R2. This
yields well-dened expressions for dierenes
6
in smeared energy density on γ:
∆W =
∫
dtf(t)2 lim
t′→t
(〈T reg〉ω(t, t′)− 〈T reg〉ω0(t, t′))
=
∫
dtf(t)2 (〈T 〉ω(t)− 〈T 〉ω0(t)) (41)
where ω and ω0 are Hadamard states and f ∈ D(R). The main result of [5℄
is that the above expression is bounded from below as a funtion of ω when
onsidering only Hadamard states. The fat that one has to smear with the
6
Considering dierenes, one does not have to are about renormalization issues.
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square of f is a tehnial detail of Fewster's proof.
When looking for states of minimal smeared energy, we would like to have suh
a lower bound in order to have a well-posed minimization problem. This is our
motivation for looking for the state ω for whih (41) is minimal. As we are not
only onsidering Hadamard states but homogeneous states, we annot be sure
the minimization proplem is well-posed. Anyway, our result will justify this
ansatz.
3.1 Minimizing Smeared Energy
Now one omputes expression (41) for an isotropi observer in an homogeneous
state. Using equations (31) and (40), one gets
7∫
dt f(t)2 (〈T 〉ω − 〈T 〉ω0))
=
1
2
∫
dt
∫
dk f(t)2
(
|T˙k(t)|2 + (a−2(t)E(k) +m2)|Tk(t)|2 − ...
)
=
1
2
∫
dt
∫
dk f(t)2
(
|T˙k(t)|2 + ω2k|Tk(t)|2 − ...
)
=
∫
dk
∫
dt f(t)2 (ρk(t)− ρ0,k(t)) . (42)
ω is the quasifree homogeneous isotropi pure state given by Tk. The ountert-
erms for ω0 have been omitted. Formally, we have
〈T 〉ω =
∫
dk
(
|T˙k(x0)|2 + ω2k|Tk(x0)|2
)
.
This is independent of the spatial oordinate beause of the homogeneity of the
onsidered state. It is not a well-dened expression as it is innite; however, the
integrand is nite. We will minimize it for eah mode. Thus, we will not have to
are about renormalization issues. Statements like "smeared energy density 〈T 〉
is minimal in ω" an always be understood as "smeared renormalized energy
density 〈T ren〉 is minimal in ω".
If for eah k, we nd a Tk suh that∫
dt f(t)2
(
|T˙k(x0)|2 + ω2k|Tk(x0)|2
)
(43)
is minimal, we have found the quasifree homogeneous isotropi pure state with
minimal smeared energy density. We will all it the state of low energy assoi-
ated to f .
So let k be xed.
The real solutions Tk(t) of equation (30) span a two-dimensional real spae,
omplex solutions are therefore from a spae of (real) dimension 4. Let Sk be
7
The alulation is omitted here for the sake of brevity. For the ase ǫ = 0, it is trivial. In
the ase ǫ = +1, one has to perform a partial integration on Σ. For ǫ = −1, one needs some
alulus tehniques for the eigenfuntions of the Laplaian Yk from the appendix of [12℄. The
result an already be found in [14℄.
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an arbitrary solution of (30) satisying ondition (33). The generi solution of
equation (30) an be written as
Tk = λSk + µS¯k, λ, µ ∈ C. (44)
Condition (33) yields
T¯kT˙k − ˙¯TkTk = ia3 ⇒ |λ|2 − |µ|2 = 1 (45)
and the dimension of the solution spae is redued to 3. Furthermore, if Tk is
a solution, then exp(iα)Tk, α ∈ R is as well. Thus, we an hoose µ to be real.
This redues the number of free parameters to 2, the value of µ and the phase
of λ.
We want to minimize
W =
∫
dt f(t)2ρk,0(t)
=
1
2
∫
dt f(t)2
(
|λS˙k(t) + µ ˙¯Sk(t)|2 + ω2k|λSk(t) + µS¯k(t)|2
)
=
1
2
∫
dt f(t)2
(
(|λ|2 + |µ|2)
(
|S˙k(t)|2 + ω2k|Sk(t)|2
)
+
+2ℜ
{
µλ
(
S˙k(t)
2 + ω2kSk(t)
2
)})
= (2µ2 + 1)c1 + 2µℜ (λc2) (46)
where
c1 =
1
2
∫
dt f(t)2
(
|S˙k(t)|2 + ω2k|Sk(t)|2
)
, (47)
c2 =
1
2
∫
dt f(t)2
(
S˙k(t)
2 + ω2kSk(t)
2
)
. (48)
Given µ > 0, W is minimal for Arg λ = −Arg c2 + π = α, suh that
W = (2µ2 + 1)c1 − 2µ
√
µ2 + 1|c2|. (49)
The minimum an be found by dierentiating with respet to µ. This yields
an equation of degree 4 for µ. Two of its solutions an be suppressed beause
c1 > |c2|; the two remaining solutions dier only by a fator −1. The positive
solution is given by
µ =
√
c1
2
√
c12 − |c2|2
− 1
2
. (50)
This yields
λ = exp (iα)
√
c1
2
√
c12 − |c2|2
+
1
2
. (51)
We formulate this main result as a theorem:
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Theorem 3.1. Let A be the Weyl algebra of the free Klein-Gordon eld over a
Robertson-Walker spaetime (M,gab) and f(t) ∈ D(R). In the set of homoge-
neous isotropi quasifree states on A, there is a state ω0 for whih the smeared
energy density ∫
dtf(t)2〈T ren〉ω(t) (52)
is minimal. This state is given by its two-point distribution (31) with
Tk(t) = λSk(t) + µS¯k(t), (53)
where Sk is an arbitrary solution of equation (30) fullling ondition (33), and
λ, µ are given by equations (50), (51), (47) and (48). We all ω0 the state of
low energy assoiated to f(t).
Now Tk,0(t) is a state of low energy (assoiated to f(t)) if and only if∫
dt f(t)2
(
T˙k,0(t)
2 + ω2kTk,0(t)
2
)
= 0. (54)
This an be seen by setting Sk := Tk,0. From equations (50) and (51) we dedue
the state of low energy assoiated to f(t):
T˜k,0 = exp (iα)
√
c1
2
√
c12 − |c2|2
+
1
2
Tk,0 +
√
c1
2
√
c12 − |c2|2
− 1
2
T¯k,0 (55)
The right-hand side equals Tk,0 if and only if c2 = 0 (where we set Arg 0 ≡ 0).
We remark that a state of minimal energy (by whih we mean a state that
is low energy for any normalized test funtion f ∈ D(R), ∫ fdx = 1) an only
exist in stati Robertson-Walker spaetimes. As
d
dt
(
T˙k,0(t)
2 + ω2kTk,0(t)
2
)
= 2T˙k,0(t)
(
T¨k,0(t) + ω
2
kTk,0(t)
)
= −6T˙k,0(t)2H(t), (56)
equation (54) an only be fullled for all f if H = a˙/a = 0, i.e. a = onst. Thus,
a state in non-stati Robertson-Walker spaetimes annot be an exat state of
minimal energy. If a = onst., the state of minimal energy is well-known: It is
the vauum of the ultrastati Robertson-Walker spaetime.
3.2 Adiabati Vaua Are Approximate States of Low Energy
We apply the onept of states of low energy to the lass of adiabati vauum
states. We write down Parker's expression for the mode solutions one more:
Tk(t) =
(
2a(t)3Ω
(n)
k (t)
)−1/2
exp
(
i
∫ t
t0
Ω
(n)
k (t
′)dt′
)
. (57)
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We have
T˙k =
(
−3a˙
2a
− Ω˙
(n)
k
2Ω
(n)
k
− iΩ(n)k
)
Tk. (58)
In the adiabati limit, a(t)y a(ǫt), ǫ→ 0, we have a˙, Ω˙(n)k = O(ǫ) and thus
T˙k(t)
2 + ω2kTk(t)
2 =
(
O(ǫ) + (−iΩ(n)k )2 + ω2k
)
Tk
2 = O(ǫ), (59)
where we used Ω
(n)
k = ωk +O(ǫ). Thus, for any test funtion f ,∫
dt f(t)2
(
T˙k(t)
2 + ω2kTk(t)
2
)
= O(ǫ). (60)
We onlude that adiabati vauum states are indeed states of minimal energy
in the adiabati limit.
4 States of Low Energy Are Hadamard States
In this setion, we show that states of low energy possess the Hadamard prop-
erty. This shows that states of low energy are a set of physially sensible states.
The idea of the proof is the following: We ompare states of low energy and
adiabati vauum states and show that for large k and large iteration order n,
the dierene between these two onverges to zero. This will be used to show
that an Hadamard state (whih an be understood as an adiabati vauum of
innite order) and a state of low energy dier only in the smooth part.
4.1 Wavefront Sets, Miroloal Spetrum Condition
The wavefront set of a distribution u ∈ D′(Rn) ontains information about
the loalization and diretion of singularities of u [9℄. In the ontext of QFT in
CST, this onept was introdued by Radzikowski [15℄ to haraterize Hadamard
states. As we do not want to give the original denition of the Hadamard
ondition [11℄, we state Radzikowski's riterion as a denition.
Denition 4.1. Let M be a globally hyperboli manifold. A quasifree state ω
on the Weyl Algebra A over M is alled an Hadamard state if the wavefront set
of its two-point distribution ω2 satises
WF(ω2) = {(x1, k1), (x2, k2) ∈ T ∗(M)\0× T ∗(M)\0 :
(x1, k1) ∼ (x2,−k2), k1 ⊲ 0} =: C+. (61)
Here, (x1, k1) ∼ (x2, k2) means that there is a null geodesi between x1 and x2
whose derivative in x1 equals k1 and equals x2 in k2. k1 ⊲ 0 means that k1 is in
the forward light one of T ∗xM .
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4.2 Proof of the Hadamard Property
For our proof, we have to gather some results on adiabati vauum states from
the work by Lüders und Roberts [12℄.
First, we mention a Lemma ensuring the existene of Ω(n)(k, x0) := Ω
(n)
k (x
0)
from equation (36) for large k:
Lemma 4.2. Let I ⊂ R be a losed interval. For n ∈ N there exists a χn(I) ≥ 0
suh that Ω(n) is positive on
Rn(I) := {(k, x0) : x0 ∈ I, k ≥ χn(I)} (62)
and all its derivatives with respet to x0 are ontinious on Rn(I). Furthermore,
there are onstants A,B > 0 suh that
A(1 + k) ≤ Ω(n)k (x0) ≤ B(1 + k), (k, x0) ∈ Rn(I). (63)
We introdue lasses of funtions on Rn(I) with a speial asymptoti behaviour
for k →∞:
Denition 4.3. Let f(k, t) = f ∈ C∞ ((k
min
,∞)× I)). If for any m ∈ N,
there exists a onstant cm > 0 suh that
|∂mt f(k, t)| ≤ cmkn, t ∈ I, k ≥ kmin, (64)
then we write f ∈ Qn(I).
In partiular, if f ∈ Qn(I), we have f = O(kn).
We know from Lemma 4.2 that Ω(n) ∈ Q1(I). Moreover, one shows that (see
[12℄)
Ω(n)
2
Ω(n−1)2
− 1 =: ǫn ∈ Q−2n. (65)
Next, we need an estimate for the dierene between the expliit expression
W
(n)
k (t) :=
(
2a(t)3Ω
(n)
k (t)
)−1/2
exp
(
i
∫ t
t1
dt′Ω(n)k (t
′)
)
(66)
and the exat solution S
(n)
k (t) of equation (30) with initial onditions
S
(n)
k (t0) = W
(n)
k (t0), S˙
(n)
k (t0) = W˙
(n)
k (t0) (67)
whih represents an adiabati vauum state. We write
S
(n)
k (t) = α
(n)
k (t)W
(n)
k (t) + β
(n)
k (t)W¯
(n)
k (t). (68)
One shows that α and β satisfy the following integral equation (see [12℄ and
[14℄):
α(t) = 1− i
∫ t
t1
dt′R(t′)
[
α(t′) + β(t′) exp
(
−2i
∫ t′
t1
dt′′Ω(t′′)
)]
β(t) = i
∫ t
t1
dt′R(t′)
[
β(t′) + α(t′) exp
(
2i
∫ t′
t1
dt′′ Ω(t′′)
)]
, (69)
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where we omitted indies (as we will in the following), and
R =
1
2
Ω−1
(
Ω2 − 3Ω˙
2
4Ω2
+
Ω¨
2Ω
− ω2 + 3a˙
2
4a2
+
3a¨
2a
)
. (70)
We have R(n) = −12Ω(n)ǫn+1 ∈ Q−2n−1(I). The asymptoti behaviour of α
and β is examined with the aid of standard Volterra-Lotka methods (see [12℄,
appendix B). We abbreviate equation (69):
x = y + V x, (71)
with
x =
(
α
β
)
, y =
(
1
0
)
und (V x)(t) =
∫ t
t1
dt′ V (t′)x(t′), (72)
where V (t′) is a 2× 2-matrix ist, dened by equations (69) and (70).
By equations (69) and (70), there is a C > 0 suh that
|V ijk (t)| ≤ C(1 + k)−2n−1. (73)
One solves equation (71) in a suitable Banah spae, where the norm is given
by
||x||w := max
i=1,2
sup
t∈I
∣∣∣∣xi(t)w(t)
∣∣∣∣ , (74)
with
w(t) := eL|t−t1|, L ≥ 4C. (75)
We hek that V is ontrating:
||V x||w ≤ 2C
L
(1 + k)−2n−1||x||w ≤ 1
2
||x||w. (76)
By the Banah xed point theorem, the unique solution of equation (71) is given
by
x =
∞∑
n=0
V ny. (77)
We are interested in the asymptoti behaviour of β and α− 1. We have
supt∈I
∣∣∣∣βk(t)w(t)
∣∣∣∣ ≤ ||xk − y||w ≤ ∞∑
m=0
||Vk||mw ||Vky||w
≤ 4C
L
(1 + k)−2n−1||y||w
⇒ |βk(t)| ≤ (1 + k)−2n−1||y||w sup
t∈I
w(t) (78)
The rst inequality is valid as well if we replae βk(t) by αk(t)− 1. Considering
equation (69), we see that we have similar estimates for the rst derivatives of
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α, β with respet to t. To onlude, there are onstants Ci > 0, i = 1, 2, 3, 4
suh that
|α(n)k (t)− 1| ≤ C1(1 + k)−2n−1, |α˙
(n)
k (t)| ≤ C2(1 + k)−2n−1
|β(n)k (t)| ≤ C3(1 + k)−2n−1, |β˙(n)k (t)| ≤ C4(1 + k)−2n−1. (79)
With equation (68) we have S
(n)
k (t) = O(k
−1/2) and ∂tS
(n)
k (t) = O(k
1/2). By
iteratively dierentiating equation (30), one obtains
∂jtS
(n)
k (t) = O(k
j−1/2). (80)
Now let Tk(t) be a state of low energy assoiated to a test funtion f whose
support is ontained in I. Tk(t0) an be obtained from S
(n)
k (t0) by a Bogoliubov
transformation
Tk(t0) = α˜(k)S
(n)
k (t0) + β˜(k)S¯
(n)
k (t0). (81)
Here, α˜(k), β˜(k) do not depend on t. Indeed, µ(k) = β˜(k) and
µ(k) =
1√
2
 1√
1− |c2|2
c2
1
− 1
1/2 . (82)
For |x| < 1, 1√
1+x
an be developed in a Taylor series,
1√
1− |c2|2
c2
1
− 1 = 1
2
|c2|2
c21
+
1
4
|c2|4
c41
+ ... (83)
Thus, we have to examine the asymptoti behaviour of
|c2|
c1
.
We have
c1 =
∫
dt f(t)2
(
|S˙(t)|+ ω2|S(t)|
)
=
∫
dt f(t)2
( ∣∣∣∣ ddt (αW + βW¯)
∣∣∣∣2 + ω2 ∣∣αW + βW¯ ∣∣ )
=
∫
dt f(t)2
[ (|α|2 + |β|2) |W˙ |2 + (|α˙|2 + |β˙|2 + ω2 (|α|2 + |β|2)) |W |2
+2ℜ
(
α ˙¯αW˙ W¯ + αβ¯W˙ 2 + α ˙¯βW˙W
+α˙β¯WW˙ + α˙ ˙¯βW 2 + β ˙¯β ˙¯WW + ω2αβ¯W 2
)]
(84)
Considering these terms one by one, we rst remark
|W | = (2a3Ω)−1/2 ∈ Q−1/2(I),
∃A1, B1 > 0 : A1(1 + k)−1/2 ≤ |W | ≤ B1(1 + k)−1/2
|W˙ | =
∣∣∣∣∣3 a˙a + Ω˙Ω + iΩ
∣∣∣∣∣ (2a3Ω)−1/2 ∈ Q1/2(I),
∃A2, B2 > 0 : A2(1 + k)1/2 ≤ |W˙ | ≤ B1(1 + k)1/2. (85)
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If, in the above sum, we insert
α2|W |2 = (1 + (α+ 1)(α − 1)) |W |2 = |W |2 +O(k−2n)
α2|W˙ |2 = |W˙ |2 +O(k−2n), (86)
the only terms remaining of order larger than −2n in k in (84) are |W˙ |2 and
ω2|W 2|:
c1 =
∫
dt f(t)2
(
|W˙ |2 + ω2|W 2|
)
+O(k−2n)
⇒ ∃A˜, B˜ > 0 : A˜(1 + k) ≤ c1 ≤ B˜(1 + k). (87)
The analysis of the asymptoti behaviour of c2 works out similarly:
c2 =
∫
dt f(t)2
(
W˙ 2 + ω2W 2
)
+O(k−2n)
=
∫
dt f(t)2
(
|W˙ |2 + ω2|W |2
)
exp
(
2i
∫
Ω
)
+O(k−2n). (88)
We need a Lemma to preise our estimate for c2.
Lemma 4.4. Let P (k, t) ∈ Qm(I). For M ∈ N, there is a CM > 0 suh that∣∣∣∣∫ dt f(t)2P (k, t) exp(2i∫ t
t1
dt′Ω(t′)
)∣∣∣∣ ≤ CM (1 + k)−M+m. (89)
Proof: Indution by M . For M = 0, we have∣∣∣∣∫ dt f(t)2P (k, t) exp(2i∫ Ω)∣∣∣∣
≤
∫
dt f(t)2|P (k, t)| ≤ C0(1 + k)m. (90)
Let the hypothesis be valid for M − 1.
For any omplex-valued test funtion g(t), there is a onstant Cg > 0 suh that∣∣∣∣∫ dt g(t)P (k, t) exp(2i∫ Ω)∣∣∣∣
≤
∫
dt |g(t)| |P (k, t)| ≤ Cg(1 + k)m. (91)
To arry out the indution step, we hoose g(t) :=
(
i
2∂t
)M
f(t)2 and replae
P (k, t) by P (k, t)a(t)M . We an do this beause P (k, t)a(t)M ∈ Qm(I). We
onlude that there is a CM > 0 suh that
CM (1 + k)
m ≥
∣∣∣∣∣
∫
dt
((
i
2
∂t
)M
f(t)2
)
P (k, t)a(t)M exp
(
2i
∫
Ω
)∣∣∣∣∣
=
∣∣∣∣∣
∫
dt f(t)2
(
− i
2
∂t
)M (
P (k, t)a(t)M exp
(
2i
∫
Ω
))∣∣∣∣∣
=
∣∣∣∣∣∣
∫
dt f(t)2
M∑
j=0
(
M
j
)((
− i
2
∂t
)j
(P (k, t)a(t)M )
(
− i
2
∂t
)M−j
exp
(
2i
∫
Ω
))∣∣∣∣∣∣(92)
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Considering the last line of equation (92), we see that for j ∈ N,(
− i
2
∂t
)j
exp
(
2i
∫
Ω
)
=
(
Ωj − i
2
j(j + 1)
2
Ω˙Ωj−2 + ...
)
exp
(
2i
∫
Ω
)
=
(
Ωj +O(kj−1)
)
exp
(
2i
∫
Ω
)
. (93)
Moreover (
− i
2
∂t
)j
(P (k, t)a(t)M ) ∈ Qm(I). (94)
Now the last line of (92) reads∣∣∣∣∫ dt f(t)2 (P (k, t)a(t)MΩM +O(kM−1+m)) exp(2i∫ Ω)∣∣∣∣ , (95)
Now we laim
P (k, t)a(t)MΩM = P (k, t)(kM +O(kM−1)). (96)
This an be seen with the aid of equation (36),(
Ω
(n)
k
)2
= ω2k + P˜0(k, t) =
k2
a2
+ P0(k, t), (97)
with P0, P˜0 = O(k
0). If we hoose k suiently large, suh that k
2
a2
> P0(k, t),
then Ω
(n)
k an be developed in a Taylor series:
Ω
(n)
k =
k
a
√
1 +
P0(k, t)a2
k2
=
k
a
(
1 +
1
2
P0(k, t)a
2
k2
+ ...
)
=
k
a
+O(k−1). (98)
This proofs the laim (96). If we insert this result into expression (95), we
obtain
kM
∣∣∣∣∫ dt f(t)2(P (k, t) + k−1P˜ (k, t)) exp(2i∫ Ω)∣∣∣∣ , (99)
where P˜ (k, t) = O(km). Using the indution hypothesis, we get
CM (1 + k)
m ≥ kM
∣∣∣∣∫ dt f(t)2(P (k, t) + k−1P˜ (k, t)) exp(2i∫ Ω)∣∣∣∣
≥ kM
∣∣∣∣∫ dt f(t)2P (k, t) exp(2i∫ Ω)∣∣∣∣
−kM
∣∣∣∣∫ dt f(t)2k−1P˜ (k, t) exp(2i∫ Ω)∣∣∣∣
≥ kM
∣∣∣∣∫ dt f(t)2P (k, t) exp(2i∫ Ω)∣∣∣∣− kM−1CM−1(1 + k)−M+1+m
⇒
∣∣∣∣∫ dt f(t)2P (k, t) exp(2i∫ Ω)∣∣∣∣ ≤ C˜M (1 + k)m−M . (100)
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We apply the Lemma to the rst term of equation (88). Here m = 1. For
M > 2n the Lemma yields c2 = O(k
−2n). By equation (87), we obtain the next
Lemma 4.5. Let ωn be an adiabati vauum state of order n, represented by a
solution S
(n)
k (t) of equation (30)(see the remark after equation (33)). Let ω be
the state of low energy assoiated to f ∈ D(R), represented by Tk(t). Then
Tk(t) = α˜(k)S
(n)
k (t) + β˜(k)S¯
(n)
k (t), (101)
with
1− α˜(k), β˜(k) = O(k−2n). (102)
The next step in our proof is ombining Lemma 4.5 with Lemma 3.3 from
[10℄ (see also Theorem 6.3 from the same paper). In order to do so, we need
some denitions from the theory of Sobolev wavefront sets (see the appendix of
[10℄ or [9℄). The (C∞-)wavefront set ontains information about the loation
and diretion of a distribution's singularities but not about their degree. This
information is ontained in the so-alled Sobolev wavefront sets.
Denition 4.6. By Hs(Rn), s ∈ R we denote the Sobolev spaes{
u ∈ S ′(Rn) : ||u||2s :=
∫
dnξ(1 + |ξ|2)s|uˆ(ξ)|2 <∞
}
. (103)
Equiped with || · ||s, Hs(Rn) is a normed spae.
We proeed by giving the denition of loal Sobolev spaes:
Hs
lo
(Rn) :=
{
u ∈ D′(Rn) :∫
dnξ(1 + |ξ|2)s|ϕ̂u(ξ)|2 <∞ ∀ϕ ∈ D(Rn)
}
. (104)
This denition an easily be generalised to an arbitratry C∞-manifold X: Let
u ∈ D′(X). We say u ∈ Hs
lo
(Σ) if for any hart (U, κU ), U ⊂ X,κU → Rn of X
and for any ϕ ∈ D(U),∫
dnξ(1 + |ξ|2)s| ̂κU∗(ϕu)(ξ)|2 <∞. (105)
One shows that it is suient to verify this riterion for an atlas of X (see [8℄).
We show Cj(RN ) ⊂ Hs
lo
(RN ) for j > s + N/2: Let u ∈ Cj(RN ), ϕ ∈
D(RN ), |α| ≤ j. Then
|ξαϕ̂u(ξ)| =
∣∣∣∣∫ dNxϕ(x)u(x)(i∂x)αe−iξx∣∣∣∣
=
∣∣∣∣∫ dNx (i∂x)α (ϕ(x)u(x)) e−iξx∣∣∣∣ ≤ Cα <∞
⇒ ϕ̂u = O(ξ−j). (106)
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For j > s+N/2 this yields the absolute onvergene of the integral
∫
dnξ|ϕ̂u(ξ)|2(1+
|ξ|2)s and therefore Cj(RN ) ⊂ Hs
lo
(RN ). The same statement follows for a C∞-
manifold Σ:
Cj(Σ) ⊂ Hs
lo
(Σ) ∀s < j − 1
2
dim Σ. (107)
We ome to the denition of Sobolev wavefront sets. First, let X ⊂ Rn. A set
Γ ⊂ Rn\{0} is alled oni if for t > 0, (x, ξ) ∈ Γ⇒ (x, tξ) ∈ Γ.
Denition 4.7. Let u ∈ D′(X), x0 ∈ X, ξ0 ∈ Rn\{0}, s ∈ R. We say (x0, ξ0)
is not in the Hs-wavefront set of u ((x0, ξ0) 6∈WFs(u)) if there exist ϕ ∈ D(X)
with ϕ(x0) 6= 0 and an open oni neighbourhood of ξ0 in Rn\{0}, Γ, suh that∫
Γ
dnξ(1 + |ξ|2)s|ϕ̂u(ξ)|2 <∞. (108)
The denition of Sobolev wavefront sets on manifolds is arried out in a hart.
Let (κ,U) be a hart, ϕ ∈ D(U) and Γ a oni neighbourhood of dκx0(ξ0) in
Rn\{0}. Then T ∗X ∋ (x0, ξ0) 6∈WFs(u) if∫
Γ
dnξ(1 + |ξ|2)s|κ̂∗ϕu(ξ)|2 <∞. (109)
One sees WF
s(u) = ∅⇔ u ∈ Hs
lo
(X). The C∞-wavefront set is given by
WF(u) = ∪s∈RWFs(u). (110)
For sums of distributions, we have the inlusion
WF
s(u+ v) ⊆WFs(u) ∪WFs(v). (111)
We are now ready to ite Lemma 3.3 from [10℄.
Lemma 4.8. Let ωH,2 and ωn,2 be the two-point distributions of a quasifree
Hadamard state and a quasifree adiabati state of order n on a Robertson-Walker
spaetime respetively. Then
WF
s(ωH,2 − ωn,2) = ∅ ∀s < 2n+ 3
2
. (112)
We will use this Lemma to show our main result:
Theorem 4.9. Let ω2 be the two-point distribution of a state of low energy ω
(assoiated to an arbitrary test funtion f ∈ D(R)) on the Weyl algebra A over
a Robertson-Walker spaetime M . Then
WF(ω2) = C
+, (113)
whih means that ω possesses the Hadamard property.
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Proof:
Let ωH,2 be the two-point distribution of an Hadamard state on A. Then
WF(ω2) = WF(ω2 − ωH,2 + ωH,2)
⊆WF(ω2 − ωH,2) ∪WF(ωH,2) = WF(ω2 − ωH,2) ∪ C+. (114)
In the ase WF(ω2−ωH,2) = ∅, the inlusion in (114) beomes an equality, and
WF(ω2) = C
+
.
For the two-point distribution ω2,n of an adiabati vauum of iteration order n,
we have, using Lemma 4.8,
WF
s(ω2 − ωH,2) ⊆WFs(ω2 − ωn,2) ∪WFs(ωH,2 − ωn,2)
= WFs(ω2 − ωn,2) ∀s < 2n+ 3
2
. (115)
For s < 2n− 10, we show ω2 − ω2,n ∈ Hs
lo
(M), and therefore
WF
s(ω2 − ωH,2) = ∅ ∀s < 2n − 10. (116)
(The inequality s < 2n−10 is not optimal. Anyway, it is suient to show that
for any s, there is a n suh that ω2 − ω2,n ∈ Hs
lo
(M ×M).)
Then equalities (110) and (114) yield the assertion from the theorem.
So let ω2, ωn,2 be given by solutions Tk(t), S
(n)
k (t) of (30). Using (31), one has
(ω2 − ωn,2)(f, f ′) =
∫
d4x d4x′ dk
√
g(x)
√
g(x′) f(x)f(x′)×
×
(
T¯k(x
0)Tk(x
0′)− S¯(n)k (x0)S
(n)
k (x
0′)
)
Yk(x)Yk(x′). (117)
We need estimates for the derivatives of Yk(x). For ǫ = 0,
|∂αxYk(x)| = |∂αxeik·x| ≤ (1 + k2)|α|/2. (118)
For ǫ = −1, we use oordinates
ϕ : Σ− → R3
(
√
1 + x2,x) 7→ x,
and gather from appendix C of [12℄ that on a ompat set K ⊂ R3
|∂αxYk(x)| ≤ Cα,K(1 + k2)|α|/2. (119)
As in (11), Σ+ is onsidered as the 3-sphere embedded in R4, Σ+ = {x ∈ R4 :
|x| = 1}. Again using results from the appendix C of [12℄, we write Yk as a
funtion of x = (x0, x1, x2, x3), whith
sup|x|=1|∂αxYk(x)| ≤ Cα(1 + k2)1+|α|/2. (120)
In all three ases, we have
|∂αxYk(x)| ≤ Cα(1 + k2)1+|α|/2 = O(k|α|+2). (121)
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By equations (101),(102) and (80), we have
∂α
(x0,x0′)
(
T¯k(x
0)Tk(x
0′)− S¯(n)k (x0)S(n)k (x0
′
)
)
= O(k|α|−2n−1) (122)
Therefore, if 4+ |α|− 2n− 1 < −3, the following integral onverges absolutely:8∫
d3k ∂α(x,x′)
[(
T¯k(x
0)Tk(x
0′)− S¯(n)k (x0)S(n)k (x0
′
)
)
Yk(x)Yk(x′)
]
= ∂α(x,x′) (ω2 − ωn,2) (123)
For j < 2n− 6, this implies
ω2 − ωn,2 ∈ Cj(M ×M). (124)
Using equation (107), we nally obtain
ω2 − ωn,2 ∈ Hs
lo
(M ×M) ∀s < 2n− 10. (125)
5 Summary and Outlook
We have given the expression for a quasifree state of the free Klein-Gordon eld
on Robertson-Walker spaetimes that minimizes the expetation value of the
smeared stress-energy tensor, where the smearing was done with the square of
an arbitrary test funtion along the urve of an isotropi observer. This state
depends on the smearing funtion f . We alled it state of low energy (assoiated
to the smearing funtion f ).
It was shown that adiabati vauum states are states of low energy (for any
smearing funtion) in the adiabati limit. In stati Robertson-Walker spae-
times, the unique state of low energy is the ground state; this means that for
any test funtion the assoiated state of low energy is the ground state. In
non-stati Robertson-Walker spaetimes, there annot exist suh a unique state
of low energy.
We have given the proof that a state of low energy (assoiated to an arbitrary
test funtion) is an Hadamard state. This has been done by ombining results of
Lüders and Roberts on the one side and Junker and Shrohe on the other: The
higher one hooses the iteration order of an adiabati state, the loser it omes
to being of low energy. This statement expressed in the language of miroloal
analysis yields the result.
A similar proedure should work out for temperature states: Again, we on-
sider a seperation by modes. Instead of minimizing eah mode with respet to
smeared energy density, one ould try to get a KMS-like behaviour with respet
to this operator. One expets to obtain mixed Hadamard states.
The onept of states of low energy ould also be useful for models of the early
universe. Up to now, there has been no preise riterion for hoosing the right
8
In all of the three ases (ǫ = +1, 0,−1), a suient riterion for absolute onvergene of
the integral is an asymptoti behaviour of the integrand as O(k−3−δ), δ > 0 .
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state of the universe during expansion. States of low energy ould be a sensible
onept. However, it remains the task to determine the orret smearing fun-
tion.
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